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Abstract 

We give the full classification of smooth toric Legendrian subvarieties 
in ip2"--i. "We also prove that under some minor assumptions the group of 
linear automorphisms preserving a given Legendrian subvariety preserves 
the contact structure of the ambient projective space. 



1 Introduction 

We are interested in Legendrian subvarieties of projective space p^n-i here 
we recall the definition: 

Definition. Let to be a symplectic form on V = C^". A subvariety X C F{V) 
is Legendrian, if for each smooth point of its affine cone X the tangent space to 
X G V at this point is Lagrangian, i.e. maximal isotropic with respect to uj. 

The importance and relation of Legendrian varieties to the problem of clas- 
sifying contact Fano varieties is briefly explained in [Buczt §2] and the reference 
therein. There is another equivalent definition: a subvariety is Legendrian if its 
tangent bundle is contained in the contact distribution on p2"~i. it is explained 
and presented for example in |LM04j . 

Definition. Let V\ and V2 be two symplectic vector spaces and let Xi C IP(V^i) 
and X2 C IP(V2) be two Legendrian subvarieties. Now assume V := Vi (B V2 and 
X := Xi * X2 G P(V^), i.e. X is the joint of Xi and X2 meaning the union 
of all lines from Xi to X2. Now, clearly, the affine cone of X is the product 
Xi X X2 (where Xi is the affine cone of Xi). In such a case we say that X 
is a decomposable Legendrian variety. We say that a Legendrian subvariety 
in V is indecomposable if it is not of that form for any non-trivial symplectic 
decomposition V = Vi Q) V2. 



*The article is a part of the research project N20103331/2715 funded by Polish financial 
means for science in years 2006-2008. Author's e-mail: jabu@mimuw.edu.pl 
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We state the following conjecture: 

Conjecture 1.1. Let X C P^^^i 5e an irreducible indecomposable Legendrian 
subvariety and let G < PGl2n be a connected subgroup preserving X . Then G is 
contained in the image of the natural map Sp2„ PGl2„. 

We prove the conjecture in several cases. 

It is quite natural to believe, that if a linear map preserves a form on a 
big number of linear subspaces, then it actually preserves the form (at least 
up to scalar). With this approach, [JaJet cor. 6.4] proved the conjecture in 
the case where the image of X under the Gauss map is non degenerate in the 
Grassmannian of Lagrangian subspaces in C^". Unfortunately, this is not enough 
- for example x Qi C has a degenerate image under the Gauss map and 
this is one of the simplest examples of smooth Legendrian subvarieties. 

In section 1273) we prove: 

Theorem 1.2. If X G P^^-i is a smooth Legendrian subvariety which is not a 
linear subspace and G < PGl2n is a connected subgroup preserving X , then G is 
contained in the image of the natural map Sp2„ —>■ PGl2„. 

The theorem is applied to classify smooth toric Legendrian subvarieties. So 
in section [3] we choose appropriate coordinates to reduce this problem to some 
combinatorics (for surface case — see section [3?T|) and some elementary geometry 
of convex bodies (for higher dimensions — see section [3^ . Eventually we get: 

Theorem 1.3. Every smooth toric Legendrian subvariety in a projective space is 
isomorphic to one of the following: 

• a linear subspace, 

• xQiC P^ 

• pi X g2 =i P^ X pi X pi C 

• or P^ blown up in three non-colinear points. 

For proofs see corollaries 13.61 and 13.101 The linear subspace is not really 
interesting, the products P^ x Qi and P^ x Q2 are well known (see for example 
|LM02j . |Mukaj . [Buczj ) . The last case of blow up is not yet described in the 
literature. 
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2 Projective automorphisms of a Legendrian 
variety 

We would like to make sure that the torus acting on a Legendrian variety acts via 
symplectic automorphisms of the associated symplectic vector space. Therefore in 
this section we partially answer the question, whether a projective automorphism 
of a Legendrian variety must be symplectic. 

One obvious remark is that homotheties act trivially on P(V^), but in gen- 
eral are not symplectic. Therefore, it is more convenient to think of conformal 
symplectomorphisms: 

Definition. A linear automorphism i/j of a symplectic vector space {V,uj) is called 
a conformal symplectomorphism if il}*u = cuj for some constant c G C* . We 
denote by cSp(y) the group of all conformal symplectomorphisms of V and by 
csp{V) the tangent Lie algebra. 

Consider the following example: 

Example 2.1. Let X C P(V^) be a Legendrian subvariety contained in a hy- 
perplane. Then by iBuc^ thm. 3.4] the vector space V admits a symplectic 
decomposition V = W (B H , where dim if = 2 and X is a cone over X fl P(VF) 
with a vertex in F{H). Then a linear automorphism that acts as Ai Id on W and 
as X2 Id on H preserves X and is definitely not a conformal symplectomorphism, 
unless Ai = ±A2. 

Therefore it is clear, that if we hope for a positive answer to the question posed 
in the beginning of this section we must assume that our Legendrian variety is non 
degenerate (i.e. not contained in any hyperplane). Another natural assumption 
is that X is irreducible — one can also easily produce a counterexample if we 
skip this assumption. Yet still this is not enough. 

Let X = Xi * X2 C P(Vi © V2) be a decomposable Legendrian variety. Then 
as in example 12.11 we can act via Ai Idvi ^1 Idyj on V2 - such an 

action will preserve X and again in general it is not conformal symplectic. This 
explains that the assumptions of our conjecture 11.11 are necessary. 

Yet we must note, that decomposable varieties get very singular, unless they 
are linear space. Our main interest is in smooth Legendrian subvarieties. 

2.1 Decomposable varieties 

We prove an easy proposition. 

Proposition 2.2. Let Si and S2 be two smooth algebraic varieties and let X C 
Si X S2 be a closed irreducible subvariety. Let Xi C Si be the closure of the image 
of X under the projection tTj onto S^. Assume that for a Zariski open dense subset 
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of smooth points U C X we have that the tangent bundle to X decomposes as 
TX\i/ = (TX n 7rlTSi)\u © {TX fl 7r2TS2)\u o sum of two vector bundles. Then 
X = Xix X2. 

Proof. Since X is irreducible, so is Xi and X2 and clearly X G XiX X2. So it is 
enough to prove that dimXi + dimX2 = dimX = dimf/. But the maps d(7ri|j/) 
are surjective onto TX fl Tc^TSi and hence by |Hartl thm III. 10. 6] 

dimXi + dimXs = rk(rX n 7r*T5i)|t; + rk(TX n ^^r^a)^ = TkTX\u = dimX. 



□ 



2.2 Weks-symplectic matrices 

Fix a basis of V and recall that a matrix g G 0t(^) is in the symplectic algebra 
sp{V) if and only if 

g^J+Jg = 

where J is the matrix of the symplectic form in the given basis. We want to 
define a complementary hnear subspace to spiV): 

Definition. A matrix g G Qi{V) is weks-symplectic0 if and only if it satisfies the 
equation: 

g^J-Jg = 0. 

The vector space of all weks-symplectic matrices will be denoted by )x>sp{V) (even 
though it is not a Lie subalgebra of qI{V)). 

We immediately see that a matrix is weks-symplectic if and only if it corre- 
sponds to a linear endomorphism g, such that for every u,v G V: 

uj{gu,v) — u{u, gv) = 0. (2.3) 

This is a coordinate free way to describe w$p{V). 

From now on we assume that our basis is symplectic, which means that the 
matrix of the symplectic form is of the following block form: 



J 

In particular = — Id2„. 



Id„ 
Id„ 



^ A better name would be skew- symplectic or anti- symplectic, but these are reserved for 
some different notions. 



4 



Remark 2.4. For a matrix g G we have: 

(a) g & sp{V) <^=^ Jg is a symmetric matrix; 

(h) g (z tt)Sp(y) Jg is a skew- symmetric matrix. 

□ 

Note that if G QliV), then we can write: 

g = \{g + J9^J) + \{g~ Jf/J) 

and the first component g+ := ^{g + Jg^J) is in spiV), while the second 
g- := \{g — Jg^J) is in xv5p{V). Obviously, this decomposition corresponds 
to expressing the matrix Jg as a sum of symmetric and skew-symmetric matri- 
ces. 

We list some properties of tosp{V): 
Proposition 2.5. Let g,h E XvspiV). The following properties are satisfied: 

(i) Write the additive Jordan decomposition for g : 

9 = 9s + gn 

where gs is semisimple and gn is nilpotent. Then both gs G tDSp(V) and 
gn G VospiV). 

(a) For A G C, denote by V\ the X-eigenspace of g. For any Ai,A2 G C two 
different eigenvalues Vx^ is u -perpendicular to Vx^ ■ 

(Hi) If g is semisimple, then each space Vx is symplectic, i.e. the form uo\v^ is 
non degenerate. 

□ 

2.3 About conjecture 11.11 and the proof of theorem 11.21 

Let X' C P(y) be an irreducible, indecomposable Legendrian subvariety, let X be 
the affine cone over X' and Xq be the smooth locus of X. Assume that G is the 
maximal connected subgroup in Gl^n preserving X. Let g < g[2„ be the Lie 
algebra tangent to G. To prove the conjecture it would be enough to show that g 
is contained in the Lie algebra csp2„ tangent to conformal symplectomorphisms, 
i.e. the Lie algebra spanned by sp2„ and the identity matrix Id2n- 

Theorem 2.6. With the above notation the following properties hold: 
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/. The underlying vector space of g decomposes into symplectic and weks- 
symplectic part: 

= (0nsp(y)) © (0nrasp(F)). 

//. If g E gn Ki5p{V), then g preserves every tangent space to X : 

VxgXo giT,X)cT,X 

and hence also 

\/t eC \/x e Xq T^^p(^tg)(x)X = exp{tg){T^X) = T^X. 

III. If g & Kisp{V) is semisimple, then g = Xld for some A G C. 

IV. Assume g E Q Ci n)Sp{V) is nilpotent and let m > 1 be an integer 
such that g"^+^ = and g"^ ^ 0. Then g"^{X) is always non-zero and is 
contained in the singular locus of X. In particular, X' is singular. 

In what follows we prove the four parts of theorem 12.61 

2.3.1 I. Decomposition into symplectic and weks-symplectic part 
Proof. Take (7 G 3 to be an arbitrary element. Then for every x G Xq one has 

g{x) G T^X 

and therefore: 

= uj(^g{x),x^ = x^g^Jx = [g^J— Jg) x 

Hence the quadratic polynomial /(x) := x^{g'^J— Jg)x is identically zero on 
X and hence it is in the ideal of X. Therefore by maximality of G and |Bucz[ 
cor. 5.5] the map J [g^J — Jg) is also in g. But 

j{g^J-Jg)=Jg^J + g, 

so Jg^J G Q and both symplectic and weks-symplectic components g^ and g- 
are in g. 

□ 

From the point of view of the conjecture, the symplectic part is fine. We would 
only need to prove that g_ = Aid. So from now on we assume g = g^ E rv5p{V). 
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2.3.2 II. Action on tangent space 

Proof. Let 7^ := exp{tg) for t G C. Then E G and hence it acts on X. Choose 
a point X E Xq and two tangent vectors in the same tangent space u,v E T^X. 
Then clearly also "^tiu) and 7t(t') are contained in one tangent space, namely 
T^j(2:)X. Hence: 

= {-it{u),-it{v)) = uj{{ld2n +tg + . . .)u, (Ids™ +tg + . . .)v) = 

= io{u, v) + t[uj{gu, v) + uj{u, gv)) + t^{. . .). 

In particular the part of the expression linear in t vanishes, hence uj{gu, v) + 
u{u,gv) = 0. Combining this with equation (12.3P we get that: 

uj{gu,v) = uj{u,gv) = 

But this implies that gu G (T^X)-*"" = T^X. Therefore g preserves the tangent 
space at every smooth point of X and hence also does preserve that space. 

□ 

2.3.3 III. Semisimple part 

Since G is an algebraic subgroup in Gl(y), then g has the natural Jordan de- 
composition inherited from i.e. if we write the Jordan decomposition for 
g = gs + dn, then gs,gn ^ (see |Hu75t thm 15.3(b)]). Therefore by proposi- 
tion [23] (i), it would be enough, to establish the conjecture, to prove that for 
(7 G n rDSp(V) we have gs = ^ Id2n and gn = 0. 
Here we deal with the semisimple part. 

Proof. Argue by contradiction. Let Vi be an arbitrary eigenspace of g and 
let V2 be the sum of the other eigenspaces. If g ^ AId2„, then both Vi and 
V2 are non-zero and by proposition 12.51 (ii) and (iii) they are w-perpendicular, 
complementary symplectic subspaces of V. Let x G Aq be any point. Since 
g preserves T^X by part II. it follows that T^X = (T^X fl Vi) © {T^X fl V2). 
But then both (T^.A fl V^) C are Lagrangian subspaces, hence have constant 
(independent of x) dimensions. Hence T^Xq = (T^Xq fl Vi) © (T^^Ao fl V2) is a sum 
of two vector bundles and from proposition 12 .21 we get that A is a product of two 
Lagrangian subvarieties contradicting our assumption that A' is indecomposable. 

□ 
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2.3.4 IV. Nilpotent part — X' is singular 

Lemma 2.7. Assume X' C W(y ) is any closed subvariety preserved by the action 
ofexp{tg) for some nilpotent endomorphism g G qI{V). Ifv is a point of the affine 
cone over X' and m is an integer such that g'^^^{v) = and g^{v) ^ 0, then the 
class of g"^{v) is in X' . 

Proof. The class of g^{v) in the projective space P(V) is just the limit of classes 
of exp(t5')(t>) as t goes to oo. 

□ 

Lemma 2.8. Assume g G 0t(V^) is nilpotent and g"^+^ = 0, 7^ for an integer 
m > 1. Let X G V be an affine cone over some irreducible projective subvariety 
in f{V), which is preserved by the action of exp{tg), but is not contained in the 
set of the fixed points. Assume that this action preserves the tangent space T^X 
at every smooth point x of X . If there exists a non-zero vector in V which is a 
smooth point of X contained in g"^{X), then X is a linear subspace. 

Proof. Step - notation. We let Y to be the closure of g'^{X), so in particular 
Y is irreducible. By lemma 12.71 we know that Y G X. Let y be a general point 
of Y. Then by our assumptions y is a smooth point of both X and Y. 
Next denote by 

Wy := ign-\C*y). 

You can think of Wy as union of those lines in V (or points in the projective 
space F{V)), which under the action of exp{tg) converge to the line spanned by 
y (or [y] j§ as t goes to 00 . We also note that the closure Wy is a linear subspace 
spanned by an arbitrary element v G Wy and ker g"^. 
Also we let Fy := Wy n X , so that: 

Fy := {9nx)-\C*y). 

Finally, v from now on will always denote an arbitrary point of Fy. 

Step 1 - tangent space to X at points of Fy. Since y is a smooth point of 
X also Fy consists of smooth points of X. This is because the set of singular 
points is closed and ex^{tg) invariant. By our assumptions ex'g{tg) preserves 
every tangent space to X and thus for every v G Fy we have: 

TyX = T^exp(ig)(^)-^ = ^limt^oo(^exp{i9)(i,)) = ^yX. 

So the tangent space to X is constant over the Fy and in particular Fy G TyX. 

^ This statement is not perfectly precise, though it is true on an open dense subset. There are 
some other hues, which converge to [y], namely those generated by w £ kerg™, but g''{v) = Xy 
for some k < m. We are not interested in those points. 
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Step 2 - dimensions of Y and Fy . From the definitions of Y and y and by 
step 1 we get tliat for any point v G Fy-. 

TyY = im{g"^\T^x)=Mg"^\T,x). 

Hence diniF = dim T^y = Tk{g"^\Tyx)- 

Since y was a general point of Y, we have that: 

dim Y + dim Fy = dim X + 1. 

So dimFj^ = dimker(5f'"|T'yx) + 1- 

Step 3 - the closure of Fy is a linear subspace. From the definition of Fy and 
step 1 we know that Fy C TyX fl Wy and 

TyXnW^ = TyX n span{?7,ker^'"} = span{t7, ker(^"|T,x)} 

hence dimFy = dimTyX fl Wy, so the closure of Fy is exactly TyX fl Wy and 
clearly this closure is contained in X. In particular keT{g"^\Tyx) C X. 

Step 4 - y is contained in keT{g"^\Tyx) ■ Let Z he X n kei g"^. By step 3 we 
know that keT{g"^\Tyx) C Z. Now we calculate the local dimension of Z at y: 

dimker(^™|r,x) < dim^ Z < dimTyZ < dim{TyX f] ker g"") = dimker(^'^|T,x). 

Since the first and the last entries are identical, we must have all equalities. 
In particular the local dimension oi Z at y is equal to the dimension of the 
tangent space to Z at y. So y is a smooth point of Z and therefore there is a 
unique component of Z passing through y, namely the linear space ker((7™'|j'yx)- 
Since Y is contained in Z (because im g"^ C ker g"^) and y & Y, we must have 
Y ckeiig^lTyx)- 

Step 5 - vary y. Recall, that by step 1 the tangent space to X is the same 
all over Fy. So also it is the same on every smooth point of X, which falls into 
the closure of Fy. But by step 4, y is a subset of keT{g"^\Tyx), which is in the 
closure of Fy by step 3. So the tangent space to X is the same for an open subset 
of points in Y. Now apply again step 1 for different y's in this open subset and 
we get that X has constant tangent space on a dense open subset of X. This is 
possible if and only if X is a linear subspace, which completes the proof of the 
lemma. 

□ 

Now part IV. of the theorem follows easily: 

Proof. By the assumptions of the theorem X is not contained in any hyperplane, 
so in particular X is not contained in kerg"^. So by lemma [2171 the image g"^{X) 
contains other points than 0. Next by lemma 12.81 and part II. of the theorem, 
since X cannot be a linear subspace, there can be no smooth points of X in 
g^^iX). 

□ 
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2.3.5 Smooth case 



We conclude that parts L, IIL and IV. of theorem 12.61 together with proposition 
12.51 (i) and [Hu75l thm. 15.3(b)] imply theorem II. 2[ We only note that a smooth 
Legendrian subvariety is either a linear subspace or it is indecomposable. 

2.4 Some comments 

Conjecture 1 1.1 1 is now reduced to the following special case not covered by theorem 

m 

Conjecture 2.9. Let X' C F{V) be an irreducible Legendrian subvariety. Let g G 
tt)Sp(y) be a nilpotent endomorphism and m be an integer such that g"^ and 
gm+i _ Q Assume that the action of exp{tg) preserves X' . Assume moreover, 
that X' is singular at points of the image of the rational map g'^{X'). Then X' 
is decomposable. 

We also note the improved relation between projective automorphisms of a 
Legendrian subvariety and quadratic equations satisfied by its points: 

Corollary 2.10. Let X C F{V) be an irreducible Legendrian subvariety for which 
conjecture holds (for example X is smooth). If G < FGl{V) is the maximal 
subgroup preserving X, then dimC = dimT2(X), where T2{X) is the space of 
homogeneous quadratic polynomials vanishing on X . 

Proof. It follows immediately from the statement of the conjecture and [Buczi 
lem. 5.6]. 

□ 

Finally, it is important to note, that theorem l2.6l part III. does not imply that 
every torus acting on an indecomposable, but singular Legendrian variety X' is 
contained in the image of Sp(V). It only says that the intersection of such a torus 
with the weks-symplectic part is always finite. Therefore if there is a non-trivial 
torus acting on X', there is also some non-trivial connected subgroup of Sp(V^) 
acting on X' and also some quadratic equations in the ideal of X' . 

3 Toric Legendrian Subvarieties 

Within this section X is a toric subvariety of dimension n — 1 in a projective 
space of dimension 2n — l. We assume it is embedded torically, so that the action 
of T := (C*)"~^ on X extends to an action on the whole p^n-i^ 
assume that the embedding is projectively normal. The notation is based on 
[Sturm] though we also use technics of |Oda] . We would like to understand when 
X can be Legendrian with respect to some contact structure on p2"-i and in 
particular, when it can be a smooth toric Legendrian variety. 
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There are two reasons for considering non projectively normal toric varieties 
here. The first one is that the new example we find is not projectively normal. 
The second one is the conjecture |Sturml conj. 2.9], which says that a smooth, 
toric, projectively normal variety is defined by quadrics. We do not expect to 
produce a counterexample to this conjecture and on the other hand all smooth 
Legendrian varieties defined by quadrics are known (see |Buczt thm.5.11]). 

In addition we assume that either X is smooth or at least the following con- 
dition is satisfied: 

{-k) The action of the torus T on p2"-i preserves the standard contact structure 
on jj^ other words, the image of T — » PGl2n is contained in the image 

of Sp2„ PGl2„. 

In the case where X is smooth, the {-k) condition is always satisfied by theorem 
11.21 But for some statements below we do not need non-singularity, so we only 
assume (★). 

Theorem 3.1. Let X C P^^^i he a toric (in the above sense) non degenerate 
Legendrian suhvariety satisfying (-k). Then there exists a choice of symplectic 
coordinate^ and coprime integers ao > oi > . . . > a-n^i > such that X is the 
closure of the image of the following map: 



ao 

n— 1 ' 



T 9 (ti, 1-^ [—00^1^2^ ... t^l/, ait"°, 02^2°; 0,n-lt. 

J.— aij. — 02 1 — dn-l J. — ao -f—ao +~'^o] rz 711)271—1 

''1 ''2 • • • '-n-l 5 ''I 5 ''2 5 • • • 5 ''n-lj ^ 

In other words, X is the closure of the orbit of a point 

[-ao, ai, 02, . . . a„_i, 1, 1, ... 1] G P^""^ 

under the torus action with weights 

Wq := (ai,a2, . . . ,a„_i), 

wi := (ao, 0, . . . , 0), W2 := (0, ao, 0, . . . , 0), . . . , Wn-i := (0, . . . , 0, ao) 
and — Wo, —Wi, . . . , —Wn-i- 
Moreover every such X is a non degenerate toric Legendrian suhvariety. 

We are aware, that for many choices of the a^'s from the theorem, the action 
of the torus on X (and on p2"-i) is not faithful, so that for such examples a better 
choice of coordinates could be done. But we are willing to pay the price of taking a 
quotient of T to get a uniform description. One advantage of the description given 



•^That is, coordinates for which the symplectic form has matrix ^ ^ . 
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in the theorem is that a part of it is almost independent of the choice of the a^'s. 
It is the (n — 1) dimensional "octahedron" convjifi, . . . Wn~i, ~Wi, ... — C 
Z"'i O M. 

Proof. Assume X is Legendrian with respect to a symplectic form uj, that X 
is non degenerate, that the torus T acts on p2"-i preserving X and satisfies 
(★). Replacing if necessary T by some covering we may assume that T PGl2n 
factorises through a maximal torus Tsp^^ C Sp2„: 

T ^ Tsp,„ C Sp2„ ^ PGI2.. 

This implies, that for an appropriate symplectic basis the variety X is the 
closure of the image of the map T —>■ p2"-i given by: 

T3t^ [xot"'°,xir^ . . . ,x„_it"'"-\r"'",t-"'^ . . . ,r"'"-^] g p^""^ 

where e C, G Z"-i and for v = {vi, . . . v^-i) G Z"-i we let T := . . . 
This means that X is the closure of the T-orbit of the point0 [xq, . . . 1, . . . , 1] 
where T acts with weights Wq, . . . Wn-i, —Wq, . . . , —Wn-i- 

Since X is non degenerate, then the weights are pairwise different. Also the 
weights are not contained in any hyperplane in Z"~^ ® R, because the dimension 
of T is equal to the dimension of X and we assume X has an open orbit of the 
T-action. So there exists exactly one (up to scalar) linear relation: 

—af)Wo + aiWi + . . . + an~iWn~i = 0. 

We assume that the a^'s are coprime integers. Permuting coordinates appropri- 
ately we can assume that |ao| > Ic^il > ••• > |fln-i| > 0. After a symplectic 
change of coordinates, we can assume without loss of generality that all the aj's 
are non negative by exchanging Wi with —Wi (and Xi with —j-) if necessary. 
Clearly not all the a^'s are zero so in particular oq > and hence 

aiWi + . . . + an-lWn-l 

Wo = . 

ao 

Therefore, if we set Cj := ^ for z G {I, . . . ,n — 1}, the points Cj form a basis 
of a lattice M containing all Wj's. The lattice M might be finer than the one 
generated by the Wi^s. Replacing again T by a finite cover, we can assume that 
the action of T is expressible in the terms of weights in M. Then: 

Wo = aici + . . . + a„_ie,„_i, 
Wi = aoCi 

Wn-l = aoCn-l 

"^Note that usually one assumes that this point is just [1,. . . ,1]. In our case we would have 
to consider non-symplectic coordinates. We prefer to deal with a more complicated point. 
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It remains to prove three things: that a„_i > 0, that XiS might be chosen 
as in the statement of the theorem and finally that every such variety is actually 
Legendrian. We will do all three together. 

The torus acts symplectically on the projective space, thus the tangent spaces 
to the affine cone are Lagrangian if and only if just one tangent space at a point 
of the open orbit is Lagrangian. So take the point [xq, . . . Xn-i, 1, . . . , 1]. The 
affine tangent space is spanned by the following vectors: 

v:^ {xo, Xi, X2, Xn-l, 1,1,1,...,!) 

ui :^ {xoai, Xiao, 0, . . . , 0, -ai, -ao, 0, . . . , 0) 
1*2:= (a;oa2, 0, ^200,..., 0, -02, - Oq, . . . , 0) 

:= (a:oa„_i ,0, ...,a;„_iao, -a„_i, 0, 0, . . . , -ao) 
Now the products are following: 

uj{ui,Uj) = 0; 

uj{ui, v) = 2{xoai + Xitto). 
Therefore the linear space spanned by v and UiS is Lagrangian if and only if: 

_ ai 

Xi — —Xq — . 

ao 

In particular, since Xi ^ 0, the cannot be zero either. After another conformal 
symplectic base change, we can assume that xq = — oo and then On the 

other hand, the above equation is satisfied for the variety in the theorem. Hence 
the theorem is proved. 

□ 

Our next goal is to determine for which values of the a^'s the variety X is 
smooth. The curve case is not interesting at all and also very easy, so we start 
from n — 3, i.e. Legendrian surfaces. 

3.1 Smooth Toric Legendrian Surfaces 

We are interested in knowing when the toric projective surface with weights of 
torus action 

Wo := (ai,a2), Wi := (ao,0), W2 := (0,ao), 
-Wo = (-ai, -02), -wi = (-ao, 0), -W2 = (0, -ao) 
is smooth. Our assumptions on the a^'s are following: 

ao > ai > as > (3.2) 

and ao, oi, a2 are coprime integers. 
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Figure 1: The two examples of weights giving smooth toric Legendrian surfaces. 



Example 3.3. Let oq = 2 and ai = 02 = 1 (see figureU\)- Then X is the product 
ofF^ and a quadric plane curve Qi. 

Example 3.4. Let CIq — Cli — 0-2 — 

1 (see figure U\). Although the embedding 
is not projectively normal (we lack the weight (0,0) in the middle), the image is 
smooth anyway. Then X is the blow up of in three non-colinear points. 

We will prove there is no other smooth example. 

We must consider two cases (see figure [2]): either ao > ai + 02 (which means 
that wq is in the interior of the square convjtfi, 1^2, —Wi, — ■W2}) or < ai + 02 
(so that wq is outside or on the border of the square). 




Figure 2: Due to the inequahties ao > ai > and oq > 02 > 0, the weight wq is located 
somewhere in the gray square. The two cases we consider are if wq is also inside the square 
convjwi, W2, —wi, —1^2} (left figure) or it is outside (right figure). In the second case, a neces- 
sary condition to get a smooth variety, is that the two bold vectors generate a lattice containing 
all the weights. In particular the dashed vector can be obtained as an integer combination of 
the bold ones. 

Geometrically, case > 01 + 02 means, that the normalisation of X is x P^. 
It is just an easy explicit verification that X is not smooth with these additional 
weights in the interior. 

In the other case, for a vertex v of the polytope 

conv{i(;o, Wi, W2, -Wq, -Wi, -W2} 
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we define the sublattice to have the origin at v and to be generated by 

{wq — V,Wi — V, W2 — V, —Wq — V, —Wi — V, —W2 — v} . 

Since X is smooth, for every vertex v the vectors of the edges meeting at v 
must form a basis of My (compare with jSturml prop. 2. 4 & lemma 2.2]). In 
particular, if t> = —W2 (it is immediate from inequalities (13.21) that v is indeed a 
vertex), then W2 — (— W2) = (0,2ao) can be expressed as an integer combination 
of Wi + W2 = (tto, ao) and —Wq + W2 = (— ai, Oo ~ (^2) (see the righthand side of 
figure [2]). So write: 



for some integers k and /. It is obvious that k and / must be strictly positive, 
since W2 is in the cone generated by wi + W2 and —wq + W2 with the vertex at 
—W2. But then (since ao — 02 > 0) from equation (13. 5p on the second coordinate 
we get that either k = 1 oi k = 2. 
li k = 1, then we easily get that: 

r ao = lai 
\ ao = ai + a2 



Hence (/ — l)ai = 02 and by inequalities (13. 2p we get / = 2 and therefore (since 
the coprime) (ao, ai, a2) = (2, 1, 1) which is example 13.31 

If on the other hand k = 2, then 

and hence by inequalities (13.21) and since the a^'s are coprime, we get (ao, cti, 02) = 
(1,1,1), which is example 13.41 

Corollary 3.6. If X G is smooth toric Legendrian surface, then it is either 
X Qi or blown up in three non-colinear points or plane P^ C P^. 



3.2 Higher dimensional toric Legendrian varieties 

In this subsection we assume that n > A. By means of the geometry of convex 
bodies we will prove there is only one smooth toric non degenerate Legendrian 
variety in dimension n — 1 = 3 and no more in higher dimensions. We use theorem 
13.11 so that we have a toric variety with weights: 



(0, 2ao) = A;(ao, oq) + /(— ai, ao — a2) 



(3.5) 



□ 



Wo ■= {ai,a2, ■ ■ ■,an-i), 
wi := (ao,0, . . .0), 



Wn~i ■■= (0, . . .0,ao), 

-Wo, -Wi, -Wn~l 

where the a^'s are coprime positive integers with ao > cii > . . . > a„_i. 
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Fi gure 3: The smooth example in dimension 3: (oq, ai, 02, aa) = (1,1,1,1). 

Example 3.7. Let n = 4 and (oo, ai, 02, as) = (1, 1,1,1). Then the related toric 
variety is x x P^ (see figure\^. 

Further, let A be the polytope defined by the weights: 

A := COnvjiyo, Wi, . . . , Wn-l, —Wq, —Wi, . . . , —Wn-l} C Z"~^ (g) M. 
Lemma 3.8. Let I, J G {1, . . . , n — 1} be two complementary subsets of indexes, 
(a) Assume 11,12 & I and ii^ 12- If 



then the interval {wi^^Wi.^) is an edge of A. 

(b) Assume k & I and I E J . If 

then both intervals {wo,Wk) and {wo,—wi) are edges of A. 

(c) // fc, / G {1, . . . , n — 1} and k ^ I, then {wk, —Wi) is an edge of A. 

Proof. Fix e > small enough, set a := ^ X^jej'^j define the 

following hyperplanes in Z"^^ ® M: 
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Hb := < (ao - Ofc) i^Xi - ^xj - a) + {a - ao) {xk - ak) = 
[ Kiel jeJ J 

Hi := < (ao + a;) i'^Xi-'^Xj-a) + {a - ao) {xi + ai) = Q 
I Kiel jeJ ) 

and Uc '■= {xk — xi = ao} . 

Assuming the inequality of (a), Had A is equal to convjtOj \ i E 1} and the 
rest of A lays on one side of Ha- So Ha is a supporting hyperplane for the face 
convjwj I z G /}, which is a simplex of dimension {^I — 1) and therefore all its 
edges are also edges of A as claimed in (a). 

Next assume that the inequality of (b) holds. Then H^ (respectively H^) is a 
supporting hyperplane for the edge {wo,Wk) (respectively {wq, —wj)). 

Similarly, in the case of (c), H^ is a supporting hyperplane for {wk, —wi}. 

□ 



Theorem 3.9. Let X C P^""^ be a toric non degenerate Legendrian variety of 
dimension n — 1 satisfying (-k) (see page [77]) . If n > 4 and normalisation of X 
has at most quotient singularities, then n = 4 and X = x P-^ x P^. 



Proof. Since the normalisation of X has at most quotient singularities, it follows 
that the polytope A is simple, i.e. every vertex has exactly n — 1 edges (see |Fult] 
or [Odal §2.4, p. 102]). We will prove this is impossible, unless n = 4 and 
(ao,ai,a2,a3) = (1,1,1,1). 

If Wq E B := convjiyi, . . . , Wn-i, —Wi, ... — Wn-i}, then A is just equal to B 
and clearly in such a case every vertex of A has 2(n — 2) edges. Hence more than 
n — 1 for n > 4. 

Hence from now on we can assume that ai + . . . + a„_i > ao. So by lemma 
13.8( b). {wq, Wi) is an edge for every z G {1, . . . , n — 1}. 

Choose any j G {1, . . . , n — 1} and set / := {1, . . . , j — 1, j + 1, . . . , — 1}. 
If either 




or 



then using lemma 13.81 we can count the edges at either Wi or wq and see that 
there is always more than n — 1 of them. We note that aj — (X^ig/ ^ '^o never 
happens due to our assumptions on the a^'s. 
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Therefore the remaining case to consider is 




where the equahty holds for every jG{l,...,n — 1}. This imphes: 

_ 1 

Oi — 02 — ... — — -oq. 

n — 6 

Since the Oj's are positive integers and coprime, we must have 

(ao, ai, . . . a„_i) = (n - 3, 1, . . . , 1) 

which is exactly example 13.71 for n = 4. Otherwise, if n > 5 we can take J := 
{jiih} for any two different ji, j2 ^ {1, • • • , — 1} and set / to be the complement 
of J . Then > 2 and by lemma 13.8( a) and (c) there are too many of edges at 
the WiS. 

□ 

Corollary 3.10. If X G P^^^^ is a smooth toric Legendrian subvariety and 
n > 4, then it is either a linear subspace or n = 4 and X = x x P^. 

□ 
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